Mechanical motion can break the symmetry in which sound travels in a medium, but significant non-reciprocity is typically achieved only for very large motion speeds.
transistors [3] - [4] , angular momentum [5] - [6] , spatiotemporal modulation [7] - [8] , and nonlinearities [9] - [10] . In acoustics, non-reciprocal devices have been mainly realized based on nonlinear mechanisms [11] [12] [13] . It is well known that sound traveling parallel or antiparallel to a moving medium is transmitted non-reciprocally [14] , however strong effects are typically achieved only when the velocity of the medium is large, or in highly resonant devices. Based on this principle, momentum bias applied through moving media was recently used to realize linear acoustic non-reciprocal devices [15] - [16] . In the following, we explore moving metamaterials operated around their zero-index operation, showing how in this scenario mechanical motion opens highly unusual scenarios for sound propagation.
A moving medium exhibits different wave-vectors k  and k  for opposite propagation directions, which is a signature of nonreciprocity. As such, the nonreciprocal
measures the degree of asymmetry in wave propagation for opposite directions. In absence of motion, k  and k  are necessarily the same in magnitude and with opposite signs, leading to 0   , while  is nonzero when reciprocity is broken. In a moving non- In order to break this trade-off and achieve large non-reciprocity with small flow speed, we explore the regime for which 0 R k  , i.e., zero-index propagation, so that the nonreciprocal portion of the wave-number NR k dominates. In electromagnetics, epsilon-nearzero (ENZ) metamaterials [18] - [19] provide a reciprocal zero index of refraction, which has been shown to lead to extreme wave propagation properties [20] - [21] . Acoustic waves in a zero-index media may therefore provide a platform to boost nonreciprocal phenomena when modest medium speeds are considered. Density-near-zero metamaterials [22] - [23] , the analogue of ENZ materials for sound, have been realized in the past using waveguides loaded by membranes. However, this approach is not suitable for our purpose, because membranes block material flow. We consider therefore extreme non-reciprocal responses by imparting air flow to waveguides loaded by a Helmholtz resonator array, inducing a near-zero refractive index at rest (
In such a metamaterial, we expect that even a small mechanical motion yields a negative phase velocity (and refractive index) for propagation parallel to the fluid motion, and a positive one for propagation anti-
In the following, we verify this response for plane-wave incidence, observing opposite refraction angles for excitation from opposite sides. After explaining the physics around this unusual response, and its relation to nonreciprocal Willis coupling, we then utilize these properties to design a planar non-reciprocal lens, which can focus a source from one side, but acting as a divergent lens for opposite excitation.
The geometry under analysis is shown in Fig. 1a simulations here and in the following are performed using COMSOL Multiphysics [25] .
Consider now the excitation of this geometry with obliquely-incident plane waves from opposite sides, as shown in Fig. 2 . In our simulations, we use the continuity boundary conditions for acoustic pressure and particle velocity at the interface between the region with no motion and the matching layer. At the interface between the region with no motion and the transition layer inside the waveguides, as well as at the one between the transition layer and the main body of the waveguide, we instead use continuity boundary conditions for the acoustic pressure and the air mass flow [26] . We stress that this is achieved for modest values of M.
A better understanding of the phenomenon can be gained by extracting the effective constitutive parameters of the metamaterial. The mass conservation equation and momentum equation in each waveguide with air flow are derived in detail in [27] , and take the general form
where
is the effective bulk modulus,   for the metamaterial geometry at hand is shown in [27] .
The mechanical motion in each waveguide introduces highly unusual propagation properties around the zero-index propagation regime. For a stationary waveguide loaded with Helmholtz resonators [28] , which corresponds to our scenario in the limit of 0 M  , only the bulk modulus By combining Eqs. (2) and (3), we derive the dispersion relation In this regime the wavenumber reads
enabling opposite refractive index for opposite directions of propagation. Interestingly, the wavenumber in the metamaterial has the same real value for both propagation directions,
i.e., no matter whether the incident wave is coming from left or right, the wavevector has the same direction and value, anti-parallel to the motion, consistent with our numerical simulations in Fig. 2 . We stress that for 0 Around this frequency, waves propagating in opposite directions have a nonzero (negative)
wavenumber, independent of the propagation direction, and the non-reciprocity coefficient  is very large.
The non-reciprocal Willis coupling introduced here through mechanical motion at the zero-index frequency can be used to create a lens that focuses a source placed at one side, but with diverging properties when a source is placed on the other side. The focusing operation is achieved by imparting a phase shift across the structure that transforms a diverging circular wavefront to a converging one [27] , which is achieved tailoring the air flow velocity across different channels to accumulate the required phase at each aperture.
Our design is shown in Fig. 4(a) , where we plot the relation between Mach number, maintained small in each channel, and the channel number n, with n = 0 being the channel on the same axis as the source (y = 0). The air flow in each channel is symmetric with respect to the y-axis (i.e., for channels N and -N the air flow is the same), so we only show the imparted Mach number for positive n. 4d-f we show a design that converts a point source to a plane wave only when the source is located on the right side of the metamaterial. Again, the relation between channel number and Mach number is presented in Fig. 4(d) , while Figs. 4e-f show the acoustic pressure profile when the source is located at the two sides of the structure [27] , highlighting again the strongly non-reciprocal response. 
